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高温超伝導体による磁束計の基礎検討
和田 尚人，中根 英章 (室蘭 l企業大学電気電子r学科)
Magnetometer using High Temperature Superconductor 
日isatoW ADA and Hideaki NAKANE 
Faculty of Eng.， Muroran Institute of Technology 
Abstract 
A ncw magnetometer was constructecl using a high tempcrature superconclucting bulk core (YBa"Cu:J07 d) in the 
liquicl nitrogen. Thεpermeability of bulk core changes with applying a coil-currcnt magnetic fielcl or an extcrnal 
magnctic field clue to flux penctration effect. Sensitive nonlinear inductance characteristics of high temperaturc su 
perconclucting bulk core with tightly wound coils was utilized for fluxgatεmagnetic-field sensors. The sensor is 






現在，紋も!惑!支のよい綴気センサとしては起{ムー導量子 F渉素子 (SQUID: Superconducting 
Quantum Interferencc Devicc)がある oSQUIDの!惑度は10-6-10-9(G]であるといわれている (Fig
1)。しかし， SQUIDは磁東の相対的変化のみを検出できる計測装置であるため，磁場の絶対的




ゲート ft!級点計一の!密度は最新のもので 1_10-5 [G] である (Fig.1) 0 ブラックスゲート型磁束
三|の測定範l井!と SQUIDの測定範聞の中間部 (10-:'-10-6 [G]) を測定できる簡便な装置は今まで
なかった。しかし，この領域には刷iや肝蔵などの!I'.体鋭気信号や，非破壊検査などに必要とされ
る蹄気信4J今があり，そのような測定装置が望まれていた。今回，フラックスゲート型磁束計の原
手1 III 白人・'\，十1~ 英日3
理を利用し，t:j ilul起 ÍJ~;草fイヰを用いた !Ilさ!支の良い {li* >U，il を'よ:J見しようとするものである。この fiii !-U
i汁は，政↑ゾ主体を用いた1IE米のブラ y クスゲー ト)¥'!伝*>Uil以上の!感度を日指すものである (Fig.1)。
また. SQUIDでは測定で、きない政場の絶対的な大きさと}JI1Jを求めることができるという特徴が
ある。
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Jlo彼壊検f堅持術の分野においては， 1. N. Buckley等が鉄材中のrlfM6 mm，来さ 6mmの議を!岳夫flで
きることを報ifしている。また， Meir Gershensonは， この引のli1t.W:i¥1の装置自イ本の雑(1;は1.7X
] O!i [G] と報;itしている。この11iは従米のフラ y クスゲートよりも悦しイ長である。
第2重量 輯指導体の作製と特性




UTιカがf勺90-95[K叫]であるため b 液イ本'宅J.ubU主 (77K) て、、光分初心、i草状!主になるの
これらのことにより Ysa2ClJ:107-aを汗jしもることにしたり
以下に作製の子1ftについて
2-1 趨伝導体 (YBa2Cu307-i5 )の作製
YBaZCU;j07 Sの作製}utとしては，蒸会乾出法， 年、 の;土がある。その中でも，
fj .iitに作製できるものとして蒸発乾[，i，IUぐ(了、ねなった。
〔蒸発乾|古I12J
lOmmolの硝眼イ y トリウム (NOl) ・120J
20mmolの硝椴バリウム [sa (NO:l) 2J 






2-1のhiょにより 1製した粉末を， 1+紡し(試料JfJJ 2.0XlO:J [kg/cm2]) f古1めそれをfl}び
屯丸カlを用いて950[OcJ で約 41.J間常気中で焼結した。長さg，8mm，幅1，8mmの小ハーに焼結さ
せたものをJtjし、て-tlUJLil"tI主t.y'l"l.をiHIJ'.<eした。 測定は 4端 fWで、行なった。
Fig.2-2-1にiJ!lJ'.<e装1('の概要をぷす o r由j端より定屯流電源を用いて 1mAの電流をiAeし，中間の




平1 社j I;'~ 人・巾以英 tF
(ANALOG DEVICES社製 A(590) には 6 [V] の'，Ii:H:をr:[J力1し，その時の電流1i!{が絶対温度
として 1 [μA / KJで読み]成れるものを用いた。
Fig.2-2-2のグラフは測定結果で、あり，横軸に温度 [K]，縦判l に屯Ú!:;~~ [μV] を示している。














Fig. 2 -2ー 1 抵抗温度特性測定装慌の概時|文|
4 
r¥石川L超{ム導体による磁*計の法礎検討
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Fig.2ー 2ー 2 超伝導体の:tMJL 温度作14:
2-3 YBa2Cu307-oの超伝導特性
2-2で用いた小川とiHJじく製造した小片の帯磁不の温度変化を測定した。 測定装置は， QUAN 
TUM DESIGN社製のSQUID帯磁不測定装置て、ある。この装置は，温度の下限が2.0[K] であり，
臨場の上|浪が50000[G] である。試料の大きさとしては数mg程度のものでも測定が可能である。
今回の浪IJ7Eは， 0 [G]， 10 [G]， 100 [G] での温度変化に対する磁気モーメントを測定し，
Tcの変化を求めた。 (Fig.2-3-1)
Fig.2-3-l(a)， (b)， (c)のグラフは，横軸は温度 [K]，縦軸は磁気モーメント [emu] を
/1'している O グラフより，外部磁場をじ[J加してない時 (0 [G]) と，外部磁場を印加している
時 (10[G]， 100 [G]) では，磁気モーメントは反転していることがわかる。これは装荷ーの残fJi
~H気によるものであり，本米は 10 [G]， 100 [G] のような変化をするものと考えられる O
Fig. 2-3-[ (d)のグラフは，横軸は印加磁界 [G]，縦軸はTc[K] を示したグラフである O こ
のグラフより，外部臨場を印加することによってTcが1下するのが分かった。
次l二， ム定温度 (77"K) で磁場を変化させ，そのときの磁気モーメントの変化を求めた。
(Fig.2-3-2) 
Fig.2-3-2の 2つのグラフは，横軸は印加依界 [G]，縦軸は磁気モーメント [emu] である。
これは， 1速の測定結果であるが測定結果全体のグラフではHClを求めることができないため，
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本研究で用いる超伝導体は. YBa2CUa07δの酸化物超伝導体で、ある O これは通常の金属起伝導
体と同様に特定の磁場 (HCl)以上で内部に磁場が入り込み，超伝導体特有の完全反磁性状態が
崩れてくる。この際，限化物超伝導体の焼結物であると HClより小さい磁場中で少しずつ磁束
が入り始める O 内部に侵入した儲束は量子磁束φ。(φ。=2.07 X lO-l"Wb)単位でトラップ磁束





この磁!-fun.で実際に測定するのは 検出コイルに現れる第2次高調波である O この第2次高調
波の発'1:.原理は次のようなものである。磁心に I次コイルとその上に 2次コイルを巻く (Fig 
3~1(b))o 2次コイルは一方向にコイルを巻き，途中よりそれとは正反対の方向にコイルの巻く
I('J きを変える O コイルはり:いに逆IflJきに|司数巻かれたものがつながった形になる。 1次コイルは
超伝導体に励振磁界を印加するものであり 2次コイルは超伝導体内部の政束の変化を読み出す
ものである次コイルの励振磁界が2次コイルに直終結合するのを防ぐため，途中から逆向き
にしている。 1次コイルに励振磁界を印加すると. Fig. 3~ 1 ( a)より，磁心の磁化特性がFig.3~ 1 






















ヘルムホルツコイルの ~l.任 a =0.24 [m] 巻数 11=250凶 (Fig.3-2 ( b ) ) 
これにより中心{磁場が
H=0.746 i [G] (iは泡泣けm
で得られる。
ヘルムホルツコイルに流す電流は， ji'{ijf[では屯源 (Metromixrf:412-125) により最大9.0[A] 
iItすことができる。このときのi判定磁場は鮫大6.7[G]であった。
また，交流では交流増幅器(最大出力100W) により最大1.6 [A] 流すことができ，この時の
交流臨場は最大l.2 [C]であった。
起{ム導体の試料は， j(任1.2cm，合iさ2.5cmのIJ柱状のものを用いた。これに， 1次コイル(励
振用); 200凶 2次コイル(検出用); 50X 2回を巻いた。 (Fig3-2 ( c ) ) 
OSCILLATORより正弦波電流(io) を1次コイルに印加する。この時， OSCILLA TORの負荷駆
動能力が小さいためAMPで増幅した 2次コイルに現れる信号と LOCK_. lN -AMPで 2次高調
波(2 fo) のみを取り出す。この時. OSCILLA TORより現れる基準信サ ([0) をFUNCTION
CENERATORに印加して 2foを発生し，参照信号としてLOCK-IN -AMPに入力し， 2次コイル
からの 2fo成分を検出する。その芹:を検出する。 測定時に，励振電!五と検出伝サをOSCILLO





このとき励振丹jコイルは 1kHzの同波数の交流を20 [mV] -0.2 [V] の間で電正を変化させ
た(励振憾界 12.4XlO:l [A/m] -124.4XI03 [A/m])。このときの第 2次高調波成分の電
J(を測定した。全体的に地佑気を打ち消す)jI1J~こ h若手fがかかっているときは検出電圧の芹:が大き
くなった o (Fig.4-1-1) 
Fig.4-1-1の 2つのグラフは励1M屯正が異なるのみで， l，iJじグラフである。このグラフは，横
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Fig. 4 -1 -2 iIl力電圧の変化(傾き)
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0.5 [G]の磁界を印加した時に最も検出竜伍が大きかったことと，地磁気 (0.3[G]ー0.5[G] 
を打ち消したo[G] 1.J近の領域で!岳度がitiくなることを不している。また， 6.5 [G]の外部磁
界を印加したときには，定自伝導体内部のトラソプ磁*が飽和したため，全体的にほぼ同じ1j自の検




グラフは，横軸は印加磁界 [G] であり，縦軸は傾き [μV/ G] である O このグラフから，
o [G] ~1. 0 [G] までは傾きの変化が大きいが，それ以1-.の磁界では変化が小さい。このこと
は，微小磁場の検出にイ1・J:1JなことをノFしている。励振電圧が0.18 [V] の時， fl頃きが最大であっ
たO このときの傾きは， 5.0 [μV / G] であった O
4-2 交流磁界での変化
ヘルムホルツコイルに 100Hz の交流磁界を 0.1~ 1. 2 [G]印加|して測定を行なった O このH主
励振用コイルに10kHzの交流を0.1 [V] ~3.0 [V]の間で変化させた(励振磁界 62.2X 10:3 [A 
/ m] ~1. 8XIO(i [A / m])。この時の第 2次高調波成分の屯JEをiWJAした。 (Fig.4-2-1) 
Fig.4-2-1のグラフは，横軸は印加磁界 [G]，縦軸は検出屯!七 [V] である O 励振用コイルに
印加する電JEは， 0.8 [V]をピークに!出度が低下した。 ):1力1I屯J+が0.1[V]， 0.3 [V]， 3.0 [V] 
では検出電恒はほぼー定となった。また， 0.7 [V]， 0.8 [V]， 0.9 [V]での検出電圧はrHJ燥の






























o 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
印加磁界 (G)
(b) 
Fig. 4-2ー 1 交流磁界で、の測定結果
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Fig. 4 -2 -2 Hl力電圧の変化(傾き)
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地磁気付近 (0.1 [G] ー0.8 [G]) までの f1(~J' に対してはほぼ A定の!副主で以応する。
それ以上の磁場では，磁*がトラップするため感度が11:卜した。。交流磁場に対する周波数特性が良い。
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A system of pre -and post -processing on personal computer 
for finit element analysis 
Takatsune Moriyama*， Toshihiko Matsuda 
Abstract 
A small size system of pre ~ and post ~ processing for two一dimensionalfinite element analysis is presented. It 
is emphasized to be able to use easily by students with a personal computer. The processing functions of the system 
are structural drawing with a small size CAD ; interactive mesh generation ; optimization of node number ; displaying 
of flux lines ; evaluation of coil inductances ; and so forth. 
1. まえがき















































































































(2) 既存データの読み込み 分割図を修正する時は 'loadJメニューを選択し，表示されるファ
イル一覧の中から，読み込みたい既存の分割図ファイルを指定して分割図を読み込む O




































要素を構成する 3つの節点をマウスで順に指定すると， 図3の様に指定した 3節点を頂点とする
一次三角形要素が作成される。要素構成節点は自動的に左回りに~ぴ変えられ記憶される。また
要素の削除も行なう事が出来る。
(5) 分割図の複写 回転電気機器など原点対称な物体の場合は節点・要素を第 1象現のみに作
成しておき， r1/4複写」メニューを選択する事により第 2，第 3，第4象現に対称な分割図が複
写される。これにより 1/4の労力で分割図が作成できる。
(6) 分割図の出力 必要により， Xyプロァターやプリンターへの分割図の出力が可能である。
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int NTERM [m] [g] 条件の種類mにおいて、グループgに
属する節点(喪蕪)の総数
int TERMG [m] [n] 条件の種頬mにおいて、節点(翼線)n
が属するグループの番号
double TERN [m] [g] 条件の種類mにおいて、グループgに
設定されている条件値









番号を最適化する O レベル 1の節点番号(起点となる節点の番号)を入力し，その節点の隣接節
点をレベル 2の節点とする。更にレベル 2の各節点の隣接節点をレベル 3とし，以下全ての節点






int DIRI [n] 節点nの属する既知節点グループの番号
int CURR [n] 要素nの属する通電要素グループの番号
int AIR [n] 要素nの材料を示す数値(空気=1，鉄=-1)
図-8 解析結果応用プログラムにおける







力データはMS~ DOSのテキスト形式のデータでー般のエディタでの編集が可能である O データ
の1行日はコメント行である O 既知節点は混乱を防ぐためにいくつかのブロックに分けて記述す




FEM解析計算プログラム (CULC) の出力データもMS~ DOSのテキスト形式のデータである。
1行日はコメント丈であり，その後に計算に用いた磁化特性曲線の種類が付加される O 全節点の
ポテンシャル値の後に入力ファイル名，演算時間，鉄心の材料定数，計算に用いるポテンシャル
修正値(増分δA) の最大値(最大誤差)が出力される O また，指定により全要素の磁束密度，






















3 6 2 
7 1 5 



























00004 O. OOOOOOe+OOO 
5 6 7 8 
00002 3. OOOOOOe+OOO 
9 10 
00002 
00003 2. OOOOOOe+OOO 
2 3 













2.18412492561e+000 O.OOOOOOOOOOOe+OOO O.OOOOOOOOOOOe+OOO ポテンシャル
O.OOOOOOOOOOOe+OOO O.OOOOOOOOOOOe+OOO 3.00000000000e+000 の値
3. OOOOOOOOOOOe+OOO 
00001 









-2. 91585732138e+001 -L 11284670651e+00l 
・3.76498332305e+00l幽6.64408821714e+00l 
-3.1037243753ge+00l -8. 43272844711e+00l 
・5.82186840804e+001 -4.20450439632e+00l 
-5.04145257088e+00l 3. 3609683805ge+000 
一一一一一計算結果(CULCH 1992.3/18 )一一一一
load-file [h:huple. opt] 鎗尺=0.001 
(サンプルデータ)
TIME=1 [sec] / cul 5 times 
ERROR CHECK.= ON ( 3.103624e・016< 1. OOOOOOe・010) 
ERROR[ 1]=1. 730427e+000 
ERROR [ 2]=3. 142107e-001 
ERROR [ 3]=3. 127578e-003 
ERROR [ 4]=2. 111383e-Ol0 



















CHARACTERISTICS IN AN RF SUPERCONDUCTING 
QUANTUM INTERFERENCE DEVICE AS A FUNCTION 
OF APPLIED MAGNETIC FLUX : 
SYSTEMATIC CALCULATIONS 1 
Tsuyoshi AOCHI， Shuji EBISU and Shoichi NAGATA 
Abstract 
There has been a lot of discussion of characteristics in superconducting quantum interference device (SQUID) 
However. much les information is available on systematic calculations of these behavior. In this report. we describe 
various features in a superconducting ring having one Josephson junction. Systematic computer calculations of static 
behavior of theてf-SQUID have been carried out. The characteristic features depend strongly on a parameter s = 
(2πLん)/φo. where 10 is a critical current of the junction. L isa self -inductance of the ring and φ。isthe flux 
quantum. In the regime s > 1.the quantum states are discrete and the transitions between the quantum states are 
irreversible. The present work is focused on the correspondence between energy of the system and the characteris 
tics in theげ SQUIDover the range of s = 0.20 to 2πThe results of the calculations are shown in the following 
No. 2 paper. 
1. Introduction 
The superconducting quantum interference device (SQUID) is originated from the epoch -mak. 
ing theoretical prediction of the Cooper pairs tunneling between two superconductors.!) We will 
describe here the details of the physical bases and the numerical calculations for the SQUID. 
The SQUID has been investigated from various viewpoints and by various kinds of experimental 
techniques since the first observation by Jaklevic et al. in 1964.2-4) These subjects represent some 
of the purest and most fundamental aspects of the superconductivity.5-9) 
However. much less information is available on systematic calculations of the characteristics of 
the SQUID. The present work is concerned with systematic computer calculations of the static be. 
havior of theげ SQUID，which contains one ideal Josephson junction in the superconducting ring. 
The SQUIDs are based on the two physical pillars. The first is fluxoid quantization and the 
second is Josephson effect. Figure 1 shows a superconducting ring with a single Josephson weak 
link. We shall make the simplification that the ideal Josephson junction area is small enough for 
the current density to be uniform， and that it never contains a significant fraction of a flux quan田
tum. The internal magnetic flux φpassing through the ring includes the magnetic flux LI s gener-
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ated by the current 1 s circulating in the ring， where L is the self -inductance of the ring. As 
shown in Fig. 1， the internal fluxφthreading the ring is then related to the applied flux φx by 
φ=φx -L1 s 
where ⑤ x is the appliedflux intercepted by the ring， and LI s is the screening flux generated by 
the induced supercurrent 
In the present paper， many physical quantities have been calcuated as a function of applied 
magnetic fluxφx. Their behavior depends on the dimensionless parameter s = (2πLIo) /φ0， 
where 10 is the critical current of the junction and φo is the flux quantum. For s < 1，φIS a 
single -valued function ofφx， whereas in the regime s > 1， itis three -valued around half in 
teger values ofφx . Then hysteresis appears， for transitions in increasing and decreasing field 
occur at differentφx values. Namely the quantum states are discrete and the transitions between 
弘
Flg. 1 Superconducting ring with a ideal Josephson junction denoted 
by ]. The contour used for integration is shown by the broken 
line. Internal magnetic flux φ， circulating current 1ぉ， self 
inductance L and applied magnetic flux φx are related by φ 
=φx -LIぉ Typicalvalues are L二 5nH，and 10ニ 1μA.
The j unction resistance in the normal state is R = 10 n， and 
the diameter of the ring is about 2mm 
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the quantum states are irreversible. 
Most practical rf -SQUlDs have typical values of L -5 x 10-]0 H. 10 -1 X 10-6 A ; hence the 
magnitude of s is about l.50. Our numerical calculations have been carried out for values of s 
from 0.20 to 2π ー
We emphasize the correspondence between the energy of the ring and the various characteris 
tics in the rf -SQUID. For s > 1， when the applied magnetic flux φx is increased， the potential 
energy barrier preventin耳transitionfrom the initial fluxoid quantum state to an adjacent one de 
creases. Actually， the transition occurs as the energy barrier vanish巴sat a critical value of φx c . 
In section 2 the fluxoid quantization， the Josephson tunneling and the energy of the system are 
briefly reviewed in order to recall their physical meaning and to define physical quantities for the 
following discussion 
2圃 BasicEquations 
2.1 Fluxoid quantization 
2.1.1 Bohr -Sommerfeld quantum condition 
A closed line integral of the canonical momentum along a path in a superconducting ring can be 
derived in the presence of a magnetic field. Then the Bohr .-Sommerfeld quantum condition gives 
the fluxoid quantization， as follows 
p= m・v+e'A (e'<O)， 
where p is the canonical momentum of a Cooper pair (m' 2m， e' 2e)， A is the vector potential 
and n is an integer. If the superconducting ring is sufficiently thick in comparison to the penetra. 
tion de 帥 then the cont 山 tion 1 m'v ・dl for 山 S幻叩u附I
junction. The dashed line in Fig. 1 represents the int伐egra抗tiωonpath. Hence the integral can be writ. 
ten as 
(1 / e') ~ p ・dl こ二二二二二二二二 I抑隅が*り川/刈(ρ • ♂r州，リ，)1川)11んJU山If叩n山1C
which is equal to n (h / e') = n (h / 2e) =ηφo. Here j isthe current density given by (ρ'" e* v)，ρe 
being the num ber of the Cooper pair per unit volume. The enclosed flux will be called internal 
magnetic flux and denoted by CT and the flux quantum is defined to beφ。(=h / 2e). 
For simplicity we assume that the Josephson junction is sufficiently small in area. Hence we in 
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troduce a following definition of phase difference across the junction θ・
8 =-Im' / (〆 f川 junctionj ， d 1， 
ニ 2πIφ/φ。十nj
The minus sign indicates that the direction of current j isopposite to that of the increase inφ， 
as can be seen in Fig， 1. 
2.1.2 Ginzburg -Landau viewpoint 
The order parameter is a complex quantity as 
'¥}I= !'¥}I(x，y，z)!叫 li世(川
W仙he悦r代et恥hea訓mp州li出1此山tudei川s什!'¥}I収仏，y，z川)!=v戸P'a刷nd世い仏，y，z幼)i凶st恥h恥ep帥h脱 A 仙 tion
the current density flowi口ngin the superconductor and the order parameter in the presence of a 
5) magnetic field is given by 
j=1川/(2m' i)j l'¥}l'マ?一?マ'¥}I'I一(〆2/が)A!'¥}I!2
Substituting '¥}I into this equation， we get 
マ持 =(e・/Ji) A十 1m・/(e' P'品)jj
From the viewpoint of GL th巴ory，the fluxoid quantization is based on the existence of a single 
valued complex superconducting order parameter '¥}I. This requires that the phase世(x，y， z)must 
change by an integral multiple of 2πwhen a complete close circuit has been covered. 
2πn = (e' / Ji) f s山 eB . dS+ 1m' / (e' P' Ji)j f junction j . d1， 
こ(〆/的[叫ceB. dS+θ 
Then， the value of the phase differenceθand defind by 
θ三一 1m'/ (e' p'Ji)jf川 onj ， dl， 
=2π|φ/φ。+n1. 
2.2 Josephson current 
The superconducting current 1 across the junction shown in Fig. 1 depends on the phase differ 
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enceθaslO) 
1 = 10 sin I {} (0) +e' Vt / nl
where 10 is the maximum zero -voltage current that can be passed by the junction and V is a con 
stant dc bias voltage. With no bias voltage (the dc Josephson effect) a dc current will flow across 
the junction with a value between 10 and -10 according to the value of the phase differenceθ. 
This phase differenceθadjusts to the current 1， according to the above Josephson relation. If a 
current greater than 10 is passed through the junction， a voltage appears across it 
2.3 Energy of the system 
If the current through the junction is varying with time， the phase differenceθmust also be 
changing with time， and it can be shown that a voltage V is developed across it. This voltage is re-
lated to the time rate of θbylO) 
?
Consider a junction through which a constant current 1 s is flowing， the current having been 
raised from zero to this value over a time t. During the time the current is increasing， the rate of 
change of current d1 / dt corresponds to a voltage V across the junction. Therefore， power 1V is 
being delivered to it and work， dEJ = 1V dt， isperformed in setting up the current and the conse-
quent phase difference. The value of dEJ is the increase in energy of the junction due to the pas-
sage of a current through it and dEJ is given bylO) 
dEJ = 1Vdt， 
d θ 
= (10島)/ (2e) sin θ一一一dt.
dt 
Then， we obtain the junction coupling energy EJ which depends on the phase difference， as 
EJヒ (10島)/(2e)11-cosθJ， 
三一 Eocosθ 十 constant
Provided EJ is large compared with the thermal fluctuation energy k B T， phase coherence extends 
across the barrier and a supercurrent can be passed through up to the critical current 10・
On the other hand if the current 1 goes through the superconducting ring， the magnetic energy of 
2 the current flowing in the inductance L is (1 / 2) LI ~. The energy of the system of the supercon-
37 
Tsuyoshi AOCHI. Shuji EBISU and Shoichi NAGATA 
ducting ring is then expressed by two terms.l1) 
1 。
Uニ 2LIs G - Eocos 0 . 
=(去)(φ一札)2-Eocos (三子).
where the first term is the magnetic energy E m associated with a current and the second is the 
junction coupling energy E J ・Herethe electro-static Coulomb energy associated with any differ-
ence in charge density between the two sides of the barrier is neglected. The extra amount of con-
stant energy is also assumed to be zero. 
2.4 Basic equations 
The basic equations are summarized and are described below. The main characteristics of theてf
SQUID are the behaviors of the internal flux φand of the screening circulating current 1 s asa 
function of the external flux φx. They are derived from the next equations. 
φ=φx一LIs. (1) 
。=2πiφ/φ。+n). (2) 
1 s =Iosin 0 . (3) 
Equations (1). (2) and (3) are linked equations for the three unknown quantities φ.ls and θin 
terms of the applied flux φx. Here we introduce dimensionless parameter s. defined as 
s= (2πLIo) /φo. (4) 
where s depends on the value of LIo. The limiting forms of the equations are φ=φx for L10 = 
O. which corresponds to an open ring. and complete flux q回 ntization② =ηφofor LIo} φo. 
which corresponds to a closed ring with no weak link. Making the substitution of eqs. (2) and (3) 
into eq. (1). we get a next relation. 
φ=φx -LIosin (2πφ/⑤0) (5) 
Substituting eqs. (1) and (2) into eq. (3) gives 
1 s = 10sin (2πφ/φ。). (6) 
For the ring with a junction the energy of the system is given by 
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2πφ 
U=(z)(φ-h)2-Eocosvl) (7) 
3. Numerical Computer Calculations for the Characteristics in rf-SQUID 
3.1 The system energy U (φ，φx) 
The system energy U， normalized by (φ02/ 2L)， iswritten as 
U / (φ02/ 2L) = (φ/φ。φx/φ。)2-s / (2π2)Eos (2πφ/φ。). (8) 
The energy U (φ ，②xl of the system given by eq. (8) is calculated. Figures 2 to 11 show the re-
sults of U (φ，φx) for various values of parameter s. U sing partial derivative of U (φ，φx) with 
respect toφ， the condition at the local minimums of U (φ，φx) is 
δU(φ，φx) ハ
δ φv (9) 




This is exactly the same equation to eq. (5). We can get the following relatio日
d φ 1 
d φ1十戸cos(2π ②/φ。). 
??
For s < 1， the denominator of eq. (l) has always positive value and then there are no portions of 
the curve with negative slope in φTherefore，⑤ is a single -valued function. As a result， the 
ring has only one stable state whoseφvalue is obtained by eq. (10) for any value ofφx. On the 
other hand， for s > 1，② in eq. (10) is three -valued for some parts of the range φx. Then meta 
stable states can exist. Consequently， hysteresis can occur since the transitions in increasing and 
decreasing flux occur at differentφxc. 
For an exal叩 le，let explain the behavior of the hysteresis in Fig. 9 in the case of s = 1.50 
Figure 9 shows the behavior in the low energy portion of U for s = 1.50 in greater detail. There 
are two specific inflection points atφ/φ。=0.366 and 0.634 in Fig. 9. When increasing the ex-
ternal flux φx， the transition occurs at φxc /φ。=0.544， whereas it takes place at ②xc /φ。=
0.456 when decreasing the flux. Up to flux ②xc the system is maintained in the lower flux side of 
the potential valley by the central barrier， even if it is in the unstable equilibrium state (see② 
0.52 in Fig. 9). Finally the barrier vanishes at φxc and the transition takes place. During the back 
process the system change occurs in the inverse order 
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The behavior of the system can be understood by considering its trajectory. The essential fea-
ture is that the external flux jumps from an initial fluxoid quantum state to the next fluxoid state 
3，2 The junction coupling energy E J vs. external flux φx 
The junction coupling energy is 
E J = -Eocos (2πφ/φ0). (12) 
Using the expressions of Eo and s， we get the normalized form of E J 
E J / (φ02/2L)ニ!日/(2π2)l cos (2πφ/φ0). (13) 
Figures 12 to 17 display the E J vsφx for the following values of parameter s : 0.20， 0.50， 
l.00， l.50， 3.00 and 2π ーThederivative of E J with respect toφx becomes 
dE J Iosin (2πφ/φ0) 
d φχ1 + s cos (2πφ/φ。) (14) 
For s > 1， ifcos θ二一 1/ s， the denominator of eq. (14) goes to zero， leading to an infinite 
slope of E J atφxc②xc is given by the next two equations 
φxc /φ。ニ②/②o士(s/2π) (1 -s -2)1 ! 2， (15) 
⑤ /φ。ニ (112π)coc1 (一11戸). 位。
As an example， in the case s = l.50， we get two values ofφxc /φ0， namely 0.544 and 0.456， 
in the range 0 <φ/φ。<l. These critical values are exactly the same as those obtained from the 
analysis of the system energy U， as explained previousy. That is， hysteresis occurs since the tran 
sitions in increasing and decreasing flux takes place at differentφx values. These critical values 
φxc correspond to the position at which the slope of E J takes infinite value. 
3.3 The magnetic energy Em VS. external flux φx 
The magnetic energy of the ring is 
Em = (去)(φ 一色)2 (1め
The normalized form is 
Em / (φ02/ 2L) = [s / (2π)]2 sin2 (2πφ/φ。). (1司
Figures 12 to 17 show the E m vs.⑤x behavior with parameter s from 0.20 to 2π 
The derivative of E m with respect toφx becomes 
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dEm 戸/L) (φx一φ)cos(2πφ/φ。)
dφ1十戸cos (2πφ/φ。) (19) 
For s > 1， ifcos θニー 1/ s ， the denominator of eq. (19) goes to zero， leading to an infinite 
slope of E m atφxc. The value of φxc is the same as obtained by eqs. (15) and (16). 
Hysteresis occurs when the transitions in increasing and decreasing flux take place at different 
φx values. These critical value CT xc corresponds to the position at which the slope of E m gives in 
finite value 
The total energy U， which is normalized， isalso shown in Figs. 12 to 17. The value of U in 
these figures corresponds to the maximum or minimum value in Figs 6 to 11 
3.4 E J， Em vs. phase difference e 
The junction coupling energy E J ， the magnetic energy E m and the system energy U are express-
ed as a function of the phase differenceθas follows : 
E J / (φ。2/2L) = 一1s / (2π2)1 cosθ ， 。
Em / (φ02/2L)= Is /(2π)128iI120， 位。
U / (φ。2/2L) =一 Is/ (2π2)] cos θ+ Is / (2π)12 sin2 8， 凶
= -Is / (2π2)] cos (2πφ/φ0) + Is / (2π)12 sin2 (2πφ/②0) (23) 
Equation (23) can be also obtained by making a substitution of eq. (10) into eq. (8). Consequent1y the 
physical meaning of eqs. (2) and (23) is that the minimum， the maxiimum， local minimum or local 
maximum energies of the superconducting ring are given by eqs.包2)or (23). Figures 18 to 23 show 
the behavior of these functions for several values of s 
The derivative U with respect toθglves 
d IU / (φo2/2L)I/d θ= Is / (2π2)1 sin θ11 + s cos θ| 包司
When s < 1， the superconducting ring has a minimum energy at 8 = 0 and a maximum energy 
atθ=πOn the other hand， w hen s > 1， the system has a minim um energy atθo and a 
maximum energy at 8 = cocl (-1/戸)
3.5 Internal flux φVS. external flux φx 
In Fig. 24 to 29， results of calculations for ② versus φx relation are shown. These behavior 
depends on the dimensionless parameter s = (2πLIo) /φo. Taking the derivatives ofφwith re 
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spect toφx. we can get the following relations using eqs. (5) or (10) : 
d φ 1 
dφχ 1+ s cos (2πφ/φ0) . 
。
For s < 1， the denominator of eq. (25) is always positive and then， there are no portions of the 
curve with negative φvs.φx slope. Namely， the value ofφincreases monotonically as a function 
ofφx. Therefore，φis a single -valued functions of φx・Theslope ofφis maximum atφx /φ。
1 / 2.On the contrary. for s > 1， the φvs.②x curves have regions of negative slope. The 
portions with negative slope in these curves are unstable. This point has been already discussed 
from the viewpoint of the system energy U. Namely the quantum states are discrete and the transi 
tions between the quantum states are irreversible. Consequently， hysteresis exists when the transi 
tions in increasing and decreasing field occur at different ⑤x values. 
For s > 1， ifcos 8 = -1 / s ， the denominator of eq. (25) goes to zero leading to an infinite 
slope ofφvsφx atφxc. These values φxc are given by the two equations (15) and (16). As an ex-
ample， inthe case s = 1.50， values 0.544 and 0.456 for φxc /φo correspond to the critical posi 
tions of the transitions when φx increases or decreases in a range of 0 <φx /φ。<1， respec-
tively. These critical values are exactly the same as those obtained from the analysis for the sys 
tem energy U. 
When increasing s， the flux ranges of successive hysteresis path overlaps partly as can be 
seen. in Fig. 29. The critical value of s leading to overlap of the hysteresis path is given by the 
criterion that the critical external flux φxc of the one fluxoid quantum state reaches zero in the 
decreasing flux process. Then the critical value of s 0 isdeduced by the two eqs. (15) and (16)， which 
give the next equation. 
(1 / 2π) cos'l (一 1/ s 0)= (s 0 / 2π) (1-s 0'2)1/2 。
We can obtain the critical value of s 0 by numerical calculation， 
s 0 = 4.6033. 。ヵ
3.6 Induced flux LI s VS. external flux φx 
In Fig. 24 to 29， results of calculations of LI s versus φx are shown. The numerical calcula-
tions have been made by using eq. (1). The calculated curves depend on the dimensionless pa-
rameter s. In these figures the positive or negative sign of LI s correspond to the current direc-
tion in the ring. By considering eq. (1)， the value of LI s is obtained by subtracting the value ofφ 
from the diagonal line in the φvsφx relation. Hence the criterion for hysteresis is derived in 
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the same way as for the ② vsφx curves. For s < 1， 1 s is a single -valued functions of ⑤x， 
whereas for s > 1， LI s is three -valued in some parts of thε ②x range. Hysteresis appears since 
the transitions in increasing and decreasing flux occur at differentφx values. The critical value 
φxc corresponds to the position at which the slope of 1 s becomes infinite. These values of⑤xc are 
exactly the same as those obtained by the analysis of the system energy U as well as the case of 
φvs.φx 
It should be noticed that the transition does not take place at the maximum value 10 but at the 
valuε 1 scgiven by 
1 sc= 10(1 - s-2)1/2 (s> 1) (28) 
For s = 1.50， the critical value of the current 1 scis 0.745/0. In addition， the screening current 
has the form 10 sin (2πφ/φ。).Then the maximum current appears always atφ/φ。=1/4 
3.7 Phase difference a VS. external flux φx 
In Figs. 30 to 35， the values of the phase differenceθacross the junction as a function of ex 
ternal flux φx are shown. Taking the derivatives ofθwith respect toφx， we obtain 
dO 2π/φ。)
d ⑥ 1 + s cos (2πφ/φ。). (29) 
For s < 1.the denominator of eq. (29) is always positive and there are no portions of the 0 vs.φx 
curves with negative slope. Therefore， 0 is a single -valued functions ofφx. Instead， for s > 
1，θis multi -valued for some parts of theφx range. Hysteresis appears since the transitions in 
increasing and decreasing flux occur at differentφx values. These critical valuesφxc correspond 
to the position at which the slope ofθtakes an infinite value 
3.8 Fluxoid VS. external flux φx 
In Figs. 30 to 35， results of the absolt山 V山 eof I fluxoid /φ。Iare shown as a function of 
φx. The applied flux φx is able to drive the transition from one fluxoid quantum state to another 
successive quantum state. From eq. (2). I flux州/②01is intψr n which is expressed as 
I fluxiod /φ。I=n = (θ/2π)一(φ/φ0)
The derivative of n is 
dn d θ d φ 
= (1 / 2π) 一(11φ。)一一一d φ I d φ -¥JI d φ 
=一一一一一一一一一一一一一 [(11φ。)-(1 /φ。)j
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The derivative can have a non zero value only if cos θ= -1 I s， which corresponds to the 
transitions between two fluxiod quantum states. These critical values have also the same magini. 
tudes as those given by the analysis of the system energy U. The derivative of eq. (31) is zero if cos 
O宇一 1I s， which means for n to be constant. 
For s < 1， the fluxoid can change atφx Iφ。1I 2 : the system energy reaches its maximum 
value corresponding to 0 =πand one flux quantum can enter into the ring. 
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Figure Captions 
Figures of the numerical calculations of the characteristics in theてf-SQUID and the figure 
captions are given in the following paper. 
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Abstract 
Characteristic feature in superconducting quantum interference device (てf-SQUID) is shown on the basis of the 
analysis of the foregoing paper. The behavior wil be given in detail. The parameter s = (2πIん)/φo changes gra 
dually the characteristic feature， here 10 is the critical current of the junction， L isthe self -inductance of the ring 
and φo is the flux quantum. Abrupt transitions between two adjacent quantum states are c1early shown in the reg. 
ime s > l.The results of the systematic ca1culations of the characteristics in theが SQUIDare presented over 
the range of s = 0.20 to 2π 
1. Introduction 
The superconducting quantum interference device (てf-SQUID) is based on the two physical 
pillars. The first is fluxoid quantization and the second is Josephson effect. Figure 1 shows a su 
perconducting ring with a single Josephson weak link. We shall make the simplification that the 
ideal Josephson junction area is small enough for the current density to be uniform， and that it 
never contains a significant fraction of a flux quantum. The internal magnetic flux φpassing 
through the ring includes the magnetic flux LJs generated by the current Is circulating in the ring， 
where L is the self -inductance of the ring. As shown in Fig. 1， the internal flux φthreading the 
ring is then related to the applied flux φx by φ=②x -LI" where③x is the applied flux inter 
cepted by the ring， and L1s is the screening flux generated by the induced supercurrent 
In the present paper， many physical quantities have been calculated as a function of applied 
magnetic flux φx. Their behavior depends on the dimensionless parameter sニ (2πLJo)/φ0， 
where 10 is the critical current of the junction and φo is the flux quantum. 
Our numerical calculations have been carried out for values of s from 0.20 to 2π. The present 
work is concerned with systematic computer calculations of the static behavior of theてf-SQUID， 
which is based on the theoretical investigation given in the previous paper of this volume.n Here 
we will present further detailed characteristics of the rf -SQUID. 
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2. Basic Equations 
The basic equations are summarized and are described below. The main characteristics of theげ
SQUID are the behaviors of the internal f¥ux φand of the screening circulating current Is as a 
function of the external f¥ iIx φx・Theyare derived from the next equations. 
φ=φx一L1s. (1) 
。=2πIφ/φ。+n]. (2) 
Is = 10 sin 8. (3) 
Equations (1). (2) and (3) are linked equations for the three unknown quantities φ. Is and 8 in 
terms of the applied flux φx. Here we introduce dimensionless parameter s， defined as 
sニ (2πLlo)/φo. (4) 
where s depends on the value of Llo. The limiting forms of the equations are φ=φx for Llo=O. 
which corresponds to an open ring. and complete flux quantizationφ=nφo for Llo )φo. which 
corresponds to a c10sed ring with no weak link. Making the substitution of eqs. (2) and (3) into eq. 
(1)， we get a next relation. 
φ=φx一Llosin (2πφ/φ。). (5) 
Substituting eqs. (1) and (2) into eq. (3) gives 
Is=/o sin (2πφ/φ。). (6) 
For the ring with a junction the energy of the system is given by 
? ，2πφ u=(五 )(φ-ct x)z-Eo cos (一面了)• (7) 
3. Numerical Computer Calculations for the Characteristics in rf-SQUID 
We have investigated the following problems on the basis of the theoretical analysis of the fore. 
. 1) gomg our paper :
1. The system energy U (φ，φx) 
2. The junction coupling energy EJ vs. external flux φx 
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3. The magnetic energy Em vs. external flux ②x 
4. EJ， Em vs. phase differenceθ 
5. lnternal flux φvs.εxternal flux φX 
6. lnduced flux LIs vs. external flux φx 
7. Phase differenceθVS. external flux φX 
8. Fluxoid VS. external flux ②x 
The resuIts of the systematic calculations are shown in Figs 2 to 35 
4. Summary 
Static characteristics of an rf -SQUID are described on the basis of numerical computer cal-
culations. Systematic changes in the behavior of a superconducting ring are found when the pa 
rameter s varies from 0.20 to 2π. 
When s > 1， the internal flux φand the screening current Is are continuous single valued func-
tions of the external flux φx' There are no sudden transitions， the superconducting ring can go 
continuously from one quantum state to the next. 
For s > 1， the transitions between two quantum states are irreversible. The transition to suc 
cessive fluxoid takes place at 8 =cos'l (-1 /戸).The maximum in the system energy U ( 8 ) cor 
responds to the critical external flux φxc at which the internal flux ⑤ and the screening current 
Is have an infinite slope as a function of the external flux φx. From the energy view point of U (φ， 
<t x).φxc corresponds to th巴valueat which the system changes from metastable state to the stable 
state. 
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Fig. 1 Superconducting ring with a ideal Josephson junction 
denoted by ]. The contour used for integration is 
shown by the broken line. Internal magnetic flux φ， 
circulating current Is. self -inductance L and applied 
magnetic flux CT x are related byφ=φχ ー LI、Typi.
cal values are L = 5 nH. and 10 = 1μA. The junc. 
tion resistance in the normal state is R = 10 n. and 
the diameter of the ring is about 2mm 
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Fig. 2 A demonstration of a flux jump in a potential surface in the case of s = 6π 。Thesystem poten 
tial U(φ，φ，) surface for ②，=0 to 3φo and φニ φ。to-4φo is shown. Whenφ，=0. the sys 
tem is trapped around a minimum such as point A in the potential well associated with a fluxoid 
quantum state. The system is constrained by a potential barrier at B. As φ， isincreased. the 
potential energy increases along the valley A -A' and the system can transfer from point A¥ 













Fig. 3 Potentiai U (⑥， φx) surface fOlφxニ O
to 2 <1>0 and φ= 3φ。to-3φo in the 
case where s = 0.50. The sharp tran 
t“ion can日O侃toccur between the two a似“【dja
cent quantum states. 
3 
。
2 Fig. 4 Potentiai U (φ，φx) surface for φxニ O
to 2φo and φ=3φ。to-3φo in the 
case where s = 1.50. The sharp transi 
tions can occur between the two adjacent 
quantum states atφx = 0.544φo and 
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2 
-3 -2 2 
Fig. 5 Potential U (φ，φ，) surface for φv二 O
to 2φo and φニ 3φ。to-3φ。inthe 
case where sニ 2π.The sharp transi-
tions can occur between the two adj acent 
quantum states， see Fig. 1 1 
ゆ/中。
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Fig. 6 System energy U for β= 0.20 as a func 
tion ofφ. The energy minimum shifts 
gradually from a flux quantum state to a 
neighbor state when the external magnetic 
flux φx changes. The value of φx de 
noted in each graph is normalized by <To・
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Flg. 7 System energy U for s = 0.50 as a func. 
tion of φ. The value ofφx changes from 
0.0 to 1.10 
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Fig. 8 System energy U for s = 1.00 as a func-
tion ofφThe value ofφx changes from 
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Flg. 9 Behavior of hysteresis in U for s = 1.50 
With increasing external flux φx the su-
perconducting ring stays at the minimum 
point up toφx /φ。 0.500.From 
0.500 to 0.544 the system remains in the 
metastable state and the transition takes 
place at 0.544. On the other hand， with 
decreasingφx the transition occurs at 
0.456. For simple illustration， the solid 
circles indicate the flux in increasing 
process and the open circles show the 
flux in decreasing process 
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Fig. 10Behavior of hysteresis in U for the case 
of s = 3.0 The hysteresis appears in 
the same way shown in Fig. 9. The 











Fig. 11 Behavior of hysteresis in U for the case 
of s = 2πThe hysteresis appears in 
the same way shown in Fig. 9. The 
value ofφx changes from -0.3 to 
2.70 
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Fig. 12 Junction coupling energy EJ• magnetic energy Em and 
system energy U as a function of the external flux 
φx for sニ 0.20.The value of U corresponds to the 
minimum value in Fig. 6 
Fig. 13 EJ. Em and U as a function of φx for s = 0.50. The 
value of U corresponds to the minimum value in Fig 
7 
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-0.1 。 1.5 
中xl中。
Fig. 14 EJ， Em and U as a function ofφx for s = 1.00. The 




EJ， Em and U as a function of φx for s = 1.50. The 
hysteresis with transitions at differentφx is indi. 
cated by arrows. The hysteresis behavior can be 
understood by considering the correspondence be 
tween Fig. 9 and Fig. 15. The value of U corre 
sponds to the minimum or maximum value in Fig. 9. 
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Fig. 16 EJ， Em and U as a function of②x for β= 3.00. The 
hysteresis behavior can be understood by consider 
ing the correspondence between Fig. 10 and Fig. 16 
The value of U corresponds to the minimum or max 
imum value in Fig. 10. 
Fig. 17 EJ， Em and U as a function ofφx for s = 2πThe 
hysteresis behavior can be understood by consider. 
ing the correspondence between Fig. 11 and Fig. 17. 
The value of U corresponds to the minimum or max. 
imum value in Fig. 11. 
57 






















Fig. 18 Junction coupling energy EJ• magnetic energy Em and 
system energy U as a function of the phase differ宇
ence 0 across the junction for β= 0.20. 
Fig. 19 EJ， Em and system energy U as a function of 0 for 
s= 0.50. 
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Ej. Em and system energy U as a function of f) for 
s = 1.00 
Ej， Em and system energy U as a function of f) for 
pニ1.50





















1 21 31 
8 
Fig. 22 Ej， Em and system energy U as a function of (J for 
s = 3.00 
Fig. 23 Ej， Em and system energy (] as a function of (J for 
戸=2π
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Fig. 24 Internal fl ux φand the flux LI， induced by screening current as a 
fu町 tionof the external fl ux φx for s =0.20 
Fig. 25 Internal fl ux φand the induced flux LI， as a function of φx for β 
= 0.50 
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Internal flux φand the induced flux LIs as a function of φx for s 
= 1.50. The hysteresis with transitions at differentφx is indicated 
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Fig. 28 Internal fl ux φand the induced flux L!， as a function of φx for s 
= 3.00. The hysteresis behavior corresponds to that in Fig. 10 
Fig. 29 Internal fl uxφand the induced flux L/， as a function ofφx for s 
=2πThe hysteresis behavior corresponds to that in Fig. 11. 
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Phase difference e across the junction and fluxoid as a function of 
the external flux φx for s = 0.20 
Fig.30 ??
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? ? ? ? ? ? ?
Phase difference 0 and fluxoid as a function of φx for β= 1.50 
The hysteresis with transitions at different φx is indicated by 
arrows. The hysteresis feature corresponds to that in Fig. 9. 
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β=3.00 
Phase difference () and fluxoid as a function ofφx for β= 3.00. 







? ? ? ? ? ? ? ? ? ?
β=211 
4Tx/4T。
? ?? ?， ， ， ???










Phase difference () and fluxoid as a function of φx for s = 2π 
The hysteresis feature corresponds to that in Fig. 11. 
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A MATHEMATICAL THEORY FOR BLOOD FLOW 
DYNAMICS IN THE ARTERIAL SYSTEM 
analysis of rotation angle and dynamical equations for forces 
and moments operating on artreial wall. 
Hirofumi HIRA Y AMA， Shintaro KIKUCHI 
Summary 
We have established a mathematical model of arterial system. This paper expand theoretical analysis of the 
mechanical dynamical structure of the arterial wall. The general deformation theory of dynamical analysis was ap-
plied to establish the balancing equations of the forces and moments that operate on the arterial wall surface. To 
generalyze the dynamical problem， we brought the shell theory of the curved surface into the analysis of the arterial 
wall surface. To associate and identify the directions of the forces and moments before and after the deformation， we 
firstly analyzed the relative rotation angles between each lines of the micro surface elements around the 3 axies 
which were founded on the elements. Utilyzing these parameters of the relative rotation， movements， we induced the 
balancing equations of the forces. Since we Assume more general case， we also studied the balancing equations of 
bending， twisting moments and transverse shear. Then we have obtained 6 equilibrium equation in 3 directions 
This paper is one of the vital points of the mathematical expansion of our theory 
I The constructive dynamic analysis of the arterial wall I -1 The rotation angle of the arterial wall and the 
equilibrium equations for the stress and moments operating on the wall 
Introduction 
The fluid dynamical interactions which develope between the blood pressure， flow and pulsatile 
changes which occur within the arterial system are controled macroscopically by the cardiac ejec-
tion and the geometric and mechanical properties of the arterial system. It is not sufficient to 
appreciate the pulsatile transmission phenomenone of blood as a simple conduction of change of 
the biological properties of the system. Rather those phenomenons should be accepted as one of the 
form of information transformation for maintaining the life activity. 
Thus to understand the pulsatile transmission of the blood flow is the first step for recognizing 
the cardiovascular circulation 
In the first series of a modeling of the cardiovascular system， we have established a distributed 
parameter model of the human arterial system. In the previous paper， we had induced blood flow 
Key words : Dynamical analysis -Rotation angle -Forces -Moments 
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velocities in the longitudinal and radial direction based on the Womersleys elastic tube theory of 
arterial system. [1[ To obtain the transmission line equation for distributed parameter model， one 
should constitute not only the fluid dynamical equations but also the structural dynamical equa-
tions of the arterial wall and its motion equations. Before precede to the arterial wall motion equa-
tions， we must analyze the dynamical equilibrium problems of the stress and moments. Tradi-
tionally many researchers analyzed the arterial wall stress or deformations based upon the 
assumptions that the distribution of the stress， moments and the deformations were axisymmetric. 
However in the actual arterial wall such as the femoral artery， the wall thickness has certain 
value and the effects of change of ratio of the wall thickness to the radius would cause develop-
ments of the transverse shear and moment. As a resu1t the forces and moments naturally operate 
on the wall unevenly and cause non -axisymmetric deformation. So no longer the axisymmetric 
analysis can be applicable. Therefore it is needed to analyze the dynamical equilibrium problem of 
more general case as the non uniform distribution of the forces and moments on the arterial wall. 
In this paper as the second chapter of the mathematical expansion， based on the strict dynamical 
theory [2， 3， 4， 51， which al assumed that the displacements are small and the stress -strain rela-
tion is liner， we analyzed first1y the relative rotation angle of the surface element of the arterial 
wall， then induced the equilibrium equations of the forces and moments for general non -axisym-
metric case. 
MATHEMATICAL EXPANSION n 
The non axisymmetric loading problem of the arterial wall can be reduced to the mechanical 
equilibrium problem of the cylindrical shell receiving arbitrary distributed stress. (here shell 
means that the al wall are shaped to curved surface.). Therefore we expand general case of the 
stress distributions. 
1] Formation of the coordinate system on the surface of the arterlal wall. 
Because of the extenstion of the middle surface in three dimentions， we should construct two 
coordinates to represent the position of the focused point. About the coordinates following defini 
tions are made. 
The generator : a straigt line along a curve while maintaining it parallel to its original direction. 
The profiles: al planes which are normal to the generators. It is this profiles that designate the 
shape of a section of the deformed arterial wall. 
The generators and profiles constitute sets of coordinates lines. We choose an arbitrary profile 
as the datum line and from this， measure the coordinate x along the generators. 
68 
A MATHEMATICAL THEORY FOR BLOOD FLOW DYNAMICS IN THE ARTERIAL SYSTEM 
The angle世:the angle which a tangental plane to the cylinder makes with the holizontal plane 
We cut off from it an element bounded by two pairs of the adjucent neighbooring generators， 
and by two adjucent profiles x， x十dx.The four sides of element of the cut sectioned surface are 

















Fig 1 Arterial tube 
Fig. 1 The schematic illustration of the cross section of the arterial segment. The line 0' C¥A' B' are generators 
The curve 0' A'， C' B' are the profiles (the circumferential direction). The arterial tube is assumed to have 
the constant radius for a given compartment 
author HIRA Y AMA HIROHUMI 
The displacements of the original point due to the deformation are defined as followings 
u : the displacement along the axis of the cylindricai tube (parallel circule displacement) 
v : the displacement along a circule of the radius a + z (meridian circumferential displace-
ment) 
w : thedisplacement along the normal line (the radial displacement) 
Those displacements are expressed utilizing the matrixs as (u， v， w) on the (x， y， z)coordinate on 
the arterial wall surface 
The element we consider is revealed in Fig 1 as area ABCO and A' B' C' 0' which is the de-
formed surface of ABCO. The pattern of the deformed surface is arbitrary pictured in Fig 2. 
n ] The relative rotation an9le. 
Since the surface element which we concern is very small and can be treated as a plane， we can 
construct the x， y， z axies (the Gausian coordinates) on it.As a result taking the arbitrary point 0 
on the middle surface as the original point， the longitudinal axies (parallel with the generator) can 
be made to coincide with the x axis， the tangent of the circumferential profile with y axis and the 
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normal with the z axis 
x 
Z 8 
Fig 2 Micro-Surface of the 、artery
Fig. 2 The element of the arterial wall surface as a shel. Strictly the area 0' C' B' A' on the surface have 
a curvature， but this surface is assumed to be too micro. So one can regard this area as a plane. 
The OCBA is the curved surface after the deformation had developed. The x (the longitudinal direc吟
tion) coinsides with the tangent of the generator， the y axis (the circumferential direction) with the 
profile， the z axis (the radial direction) with the normal. (U， V， W) are the displacements of the ori 
ginal point 0' in the longitudinal， circumferential and radial direction respectively. 
author HIRA Y AMA HIROHUMI 
However after the deformation had been developed， these x， y， z axieswould deviate from what 
previously established (the coordinate before the deformation has developed). Fortunately the 
change of the axies could be restricted to only one axis within the x， y， z axies. Since the z axis 
can be permitted to coincide with the Normal on the middle surface even after the deformation， 
only the x axis should be treated as the changed axis. Here as an ordinally way， the deformed x 
axis can be set as the longitudinal tangent line to the previous non deformed x axis (prallel with 
the generator). Then automatically the y axis after the deformation is setteled as vertical line to 
the x -z plane. Naturally the newly constructed y axis is different from the old， nondeformed y 
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axis. So each line on the element deviate each other and make the rotative movements around each 
other. Due to these mentioned circumstances. no simple equilibrium balancing equations hold and 
one should analyze these rotation angle before establishing the forces and moments equilibrium 
equatlOns 
1. The relative rotation angle between the side CB to the side OA. 
This rotation is dissolved into 3 components which are the longitudinal displacement along the 
x axis (tangential to the parallel circule). circumferential displacement along the y axis (meridian to 
the shell). normal displacement along the z axis 
A. The relative rotation angle around the x axis. 
This rotation is induced by the displacement v and w. 
l. The v produces circumf巴rentialrevolution of side OA and CB. The side OA rotates v ! a round 
the x axis (v : 2πa=ム世 2・π.thenム再=v! a). 
It seems that side CB also revolve parallely with OA around the xaxis. But in this general case. 
we consider about the non axisymmetric deformation. So the rotation is not completely identical in 
strict sense. During the distance of dx (between the side OA and CB). the material (arterial wall) 
exactly deforms. Therefore the rotation angle of OA (v ! a)changes at the ratio of α(v! a)! a x… 
per unit length of the section along the x axis. accordingly at the CB which is distanced dx the 
side CB rotat巴 α(v!a) !αx・dxsurplus. As a result the rotation angle of CB around the x axis 
a (v ! a) 
by displacement v is v ! a +一一一一一~'dx.ax 
Therefore the relative rotation angle between OA and CB around the x axis is 
a (v! a) . 
a x QX 
2. The w makes the side OA and CB rotate normally. The rotation of OA around x axis by w is w 
! a (w: 2πa ム~ : 2π). Further more the micro central angle d 1>also participates this rota 
tion. As a result the rotation of OA around the x axis by w per unit central angle isα. (w ! a) ! 
lα(w ! a)] 
a世 Thes仙 CBdistance the side OA by dx. Then the a ・(w! a)! a持change a x a再
per unit lentgth of the x axis. 
Therefore CB revolutes a ] a (w! a) !α 併]! a x・dxmore than OA. Consequently the relative 






















B. The relative rotation angle around the y axis. 
Now we consider the orthogonal projection of side OC on the y axial plane (the plane which is 
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verical to y axis.) Fig 3. The displacement ratio of w at 0 along the x axis is a w / a x. Since dur-
α(αw / a x) 
ing dx， this displacement ratio changes -， per unit length of the x axis， so at C the dis αx 
placement ratio is added by a (a w / a x' dx. Therefore at C， true displacement ratio is αw / a x 
2__ αw 











Fig 3 Rotation angle 1 
Fig. 3 This illustrate the orthogonal projection of the deformed line element OC on the x -z plane (the y axial 
plane). The strain αw/αx changes along the x axis. At the position distanced for dx， the change of the 
strain is α2W /αx2 dx 
author HIRA Y AMA HIRO HUMI 
C. The relative rotation angle around the z回 i5.Fig 4. 
Simmilary as B， we set the orthogonal projection of side OC on the x -y plane which is vertical 
to the z axis， the displacement ratio of v at point 0 is a v / a x. The same consideration about B 
α2V 
brings us to the conclution ofαv / a x +一一ー す噂 dx.Therefore the relative rotation angle around ax 
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て dx to 
Fig 4 Rotation angle I 
y 
0' 
Flg. 4 This figure illustrate the orthogonal projection of the line element OC on the x -y 
plane (the z axial plane). The circumferential strain a u /αx changes in the longitu. 
dinal direction at the rate ofα2U /αx2. 
author HIRA Y AMA HIROHUMI 
2. The relative rotation angle between the side OC and side AB. 
The central angle composed by these two element is d o . But the displacements v and w are in-
evitably modified by d o . 
A. The relative rotation angle around the x axls Is the vector difference of followlng two 
factors. 
1. The revolution of side OC around the x axis is produced by v and w. The contribution from v 
is v / a.The contribution from w is w / a.This angle is modified by the central angle d o into α 
73 
Hirofumi HIRA Y AMA， Shintaro KIKUCHI 
(w / a)/ a世.Therefore the rotation angle is obtained as 
v ， a (w / a) 
一一十
a a世
2. The rotation of AB is easily established considering that the side AB is distanced at central 
α[v / a + a (w/ a) /α 併l
angle d o between side OC. Therefore the AB rotates -L' ， ~ ， -，，~ 一一一一一一d世morethan 
side Oc. Accordingly the rotation angle of side AB around x axis is 
a (w / a)α[v / a +α(w / a)/α 世!
十一一一一一一一+ "d持
α持
Consequently the relative rotation between AB and OC around the x axis is sum of 1 and 2， then 
|α(v / a + aw / a)/α 併|d世+' ， ， d併 (4) 
B. The relative rotation angle around the y畝 is.
1. The rotation of side OC produced by w around the y axis at the original point 0 is一 αw/ a 
x. (the right rotation positive). The side AB is modified by central angle d世more.Therefore AB 
α(-aw/ ax) • ， ， 
rotates a世・ d<t more. As a result the rotation around the y axis of AB is 
awα(-aw /αx) 一一ーヶ+ _， .， d世
ax φ 










2， The rotation produced by v around the y axis， 
At the original point 0， the rotation angle - a v /αx is modified by the degree of central angle d 
冊目 Consequentlythe rotation angle is - a v / a x' d o . As with respect to the point A， the rota 
tion angle (-a v /αx' d世)changes 
a (一 αv/a x' d世)
a世 perunit central angle. So totally the point A rotates α(-a v / a x' d併)
/α 世 more.Neglecting the higher order of (d世)2Srelative rotation angle between OC and AB 
around the y axis is 
一寸LdHffdH (5) 
C. The relative rotation angle around the z axis. 
1. The w produces the rotation of the side AB - a w / a x on the x -y plane which is orthogonal 
to the z axis at the point O. Because of central angle d世， the side AB rotates truely -αw/αf 
d世aroundthe z axis 
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2. The OC rotates around the z axis a v / a x by displacement v. The side AB rotates 
α・(αv/ a x) 
α掛 dt more because of the central angle d併Consequentlythe rotation around the z 
axis of the side AB is 
Accordingly the relative rotation angle between AB and OC produced by displacement v around 
Z IS 
• (a V /αx) 
a t一一一一 d併
The associated relative rotation angle between OC and AB is composed from the contribution of 
v and w independently and these results are expressed by the vector sum as 
_.2-. 
I云Id持一言ifd手 (6) 
m] The equilibrium equations 
of the forces operating the elements of the arteridlwall. 
In this section we induce the equilibrium equations of resultant forces which operate on the 
sides of element based on the strucural dynamical theory of S. Timoshenko. We define the stress 
as foliowings 
Tji : the i axis component of the stress T which operates on the surface that cross at right angle 
with j axis. 
Nx : The normal force in a section xニ const，the force in direction x transmitted by a unit length 
of section. It is positive if tensile 
N t: The normal force in a section y = const， the force in direction y (circunferential) transmitted 
by a unit length of section. It is negative if compressive 
N世x: The shearing force in a section x = const， the force transmitted by a unit length of this sec. 
tion and directed tangent to dy. It is positive if it points in the direction of increasing y on 
the same side of the shell element where a tensile force Nx point in direction of increasing x 
Nx t・Theshearing force in a section y = const， the force transmitted by a unit length of this sec. 
tion and directed tangent to dx 
Qx : The transverese force in a section x = const， the force normal to the middle surface transmit 
ted by a unit length of each side. 
Q併:The transverese force in a section y = const， the force normal to the middle surface trans 
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mitted by a unit length of each side. 
The forces which operate on the 4 edges (side line) should al lie in the tangential planes to the 
middle surface. The load per unit area of the shell element is composed of 3 forces Px， Py， pz in 
direction of increasing x， y， z (outward) respectively. Fig 5 
z 
Fig 5 Forces on the micro surface 
Fig. 5 This figure describes the distribution pattern of the orthogonal forces Nx， N世，
the shearing forces N x世， N 1>x and the transverse forces Qx， Q 1>on just de. 
formed micro surface element OABC. 
author HIRA Y AMA HIROHUMI 
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1] The equilibrium equation for the longitudinal direction 
1. Nx : Because OA is extremely small， Nx can be treated as constant on the length of OA (=ゲ d
世).However on the CB which distance at dx from OA， the stress distributes differently from that 
on the CB. The Nx altersαNx / a x per unit length of the x axis. Therefore on CB， Nx is added 
by α(Nx /αx)' dx. As a result on CB force 
(Nx +αNx / a x' dx)' a' d世
Consequently the net force along the x axis of Nx is 
三学dxa d o 
2. N o x : The x component of the stress N世.Since the OC is very small， the N o x is constant 
along the dx. But on the AB which distances for circumferentially a' d o from OC， the N併x
changes a N o x / a手perunit angle. 
NOx 
Therefore on AB， the N世xsuffers additional a N o x / a o・d併， then actually (N o x十一王手一










Seemingly the stress which contributes to the x axis resultant are onlyNx and N o x. 
Nevertheless the forces N o ，Nx併， Qx， Q o also produce certain effects on the x axis direction be. 
cause of the relative rotation around the axies between the each sides of the surface element. By 
multiplying the relative rotation angles around the z axis， we can deduce the effect of contribu 
tions of Nx併， N o tothe x axis stress component and multiplying the relative rotation angle 
around the y axis， we also obtain the contributions from Qx， Q o on the longitudinal direction. 
3. N世 whichoperates on OC should be multiplied by the relative rotation angle around the z 
axis between OC and AB 
(a 2v / a世 axー αw/αx)‘d世
In this case， this component operates constantly along the OC (= dx). Therefore the contribution 
IS 
_. 2.. 
-N世(7云云正一言壬)dx d o 
4. Nx世:which acts on the OA should be multiplied by the relative rotation angle around the z 
axis between OA and CB α2V /α2どdx.The Nx o can be regarded as constant on OA (=ぶd併).
Then the contribution to the x axis is 
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山 2
-NxO言言dxa d掛
5. Q世onOC must be multiplied by the relative rotation angle around the y axis between OC and 
AB 
一(aW /αo a x十 αv/ a x)・d併，
therefore the participation of Q o tothe x axis is 
QOx(-l) (寸L+去)d o dx 
6. Qx on OA must be multiplied by the relative rotation angle around the y axis between OA and 
CB (一 αZw/ a xZ・dx).The participation of Qx to the x axis is 
_ Z 
Qx a x2 dx a d世
Summing up these contribution and balancing the load Tx along the x axis direction， one should 
obtain the following equilibrium equation. 
1主主dxa d世+1血 d持dx十 (-Nor(二一 ') dx d併+(-QOr/αW¥¥α 件αxαxノ
(寸ftz十ff)dx
'dO -NOx出 dxa dい Qx(β) dx 
ad世=Tx'd世'a'dx (7) 
n] The equilibrium equation for the circumferential direction. 
1. N o : which operates on the OC changes at the rate of a N世/α 世duringthe transition from 
OC to AB traveling circumferentially around the central angle d持 Thenthe force on AB is given 
by 
(N世+αNo / a掛・ d併rdx 
The not effect of N世onAB is 
aN世一瓦o-d世dx
2. Nx世:which operates on the OA changes at the rate ofαNx o / a x per unit length of the x 
axis. Therefore it acts on CB as 
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(Nx~ +αNx ~ /αx' dx)' a' d ~ 









Simmilary as the case of the longitudinal direction， not only the N ~ and N x， but also N x， N掛x，
Qx， Q世certainlyparticipate to the circumferential resultants 
3. Nx : contributes to y axis resultant by being multiplied the relative rotation angle around the z 
2 2， axis between OA and CB ( a ~v / a x~' dx). Therefore the participation from Nx to the circumferen 
tial direction is 
. a 2v 
Nx a d世一ー ヲー dxa λ 
4. N世x: which acts on the OC must be multiplied by the relative rotation angle around the z axis 
between OC and AB 
(寸云ーす)d掛
Therefore the contribution to the circumferential direction is 
N ~ X dx (寸fh-tM
5. Qx : should participate in the circumferential resultant by being multiplied the relative rotation 
angle around the x axis between OA and CB. Then the result is 
(ー 1)QxaMU-C+J云)dx 
6. Q再:takes part in the y axis direction by being multiplied the relative rotation angle around 
the x axis between OC and AB. Then the contribution is 
(一円十df(1+iL+iL)d世
¥a α世祉a~ノ
Organiging these terms and balancing the circumferential load Ty per unit area of the y axis， the 
next equation is obtained 
品 aNx o 
77d掛け十寸了dx'a' d ~ + Nx a' d ~司 dx
1 / a v a 2w¥ 
-Qx a・け二(= . + _ -~ .~ .) dx + N ~ x dx d世\αxα~ a xノ
79 
Hirofumi HIRA Y AMA. Shintaro KIKUCHI 
(寸ftz-t)-Q川 1十三ヤ+ずか
d併dx= Ty dx' a' d世 (8) 
m] The equilibrium equatlon for the normal direction 
l. The Qx which operates on OA changes a Qx /αx per unit length of the x axis along the longi-
tudinal direction. Therefore the net effect due to Qx to the normal direction is 
害 dxa d世
2. Q o which works on OC changes a Q o /α 世perunit angle. Preceiding circumferentially from 




Equally as the x， y directions， Nx， N o on OA and N o ，N世xon OC contribute to z direction by 
being multiplied the relative rotation angle around each corresponding axis. 
3. The participation of the Nx to the z direction can be obtained by multiplying the relative rota-
tion angle around the y axis between OA and CB (一 1)'α2W/ a x2・dx.Then the contribution is 
_ 2.. 
(一 1)・Nxγdo' (一 1)言言dx
4. The contribution from Nx on OA to the normal direction can be calculated by being multiplied 
the relative rotation angle around the x axis between OA and CB 
5. N o takes part in z direction by being multiplied by the relative rotation angle around x axis 
between OC and AB. Therefore the participation to the z direction is 
N十 dx'(1 +エヱ工+135)¥ a α世 α併乙ノ
6. N o xcontributes to the normal direction being multiplied by the relative rotation angle around 
the y axis between OC and AB. 
Consequently the contribution is 
(一 1)N o x叶
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Associating these forces and putting equal to the normal axis loading Tz， then the following equa 
tion holds 
αQO ~dxad 世 +7示 d持d掛+Nx a d世王子dx
/向、 a2w ¥
十Nx世ad世一二(一一L 十一一一こー)dx + N世xd併dx¥αxα 世αxノ
-(ff+J乍)+ N持d川 (1十三わずが
= Tz dx a d持
lV] The equilibrium equation of the moments operating the elements. 
(9) 
There are two ways to regard the arterial wall in stand point of the wall thickness目 Firstis to 
look the wall as thin shell and the second is thick shell. When one stand by the form巴rview， the 
stress can be regarded to distribute uniformly across the wall thickness. On the other hand wh巴n
one stand by the latter case， the distribution of the stress changes continuously along the wall 
thickness. As we will mention in the following paper precisely， even in the aortic arch which can 
be treated as thin wall， the stress distribution gradient does exist. So in the middle sized artery 
such as the femoral artery where the ratio of the thickness to the radius exceed 0.1 and should be 
treated as a thick wall， the stress would distribute unevenly along the wall thickness. Under such 
condition， some of the stress surely produce moments with respect to the center of the cross sec-
tion. There will develope at least four moments on the element. 
Define the moment symbols as following. 
Mij : The j component of the moment M which acts on the surface that cross at right angle with i 
aXls 
Define the moments of longitudinal， circumferential and the normal direction as before 
Mx : The bending moment by the stressσx in a section x const that is transmitted by a unit 
length of section toward the direction x (tangent to the generator) 
M o : Thebending moment by the stressσ 再ina section y = const that is transmitted by a unit 
length of section toward the direction y (tangent to the circumferential profile) 
Mx世・ Thetwisting moment by the shearing stress r x o ina section y = const that transmitted 
by a unit length of the section toward the direction y. 
M o x : The twisting moment by the shearing stress r x併ina section y = const that transmitted 
by a unit length of the section toward the direction x. Fig 6 
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Fig 6 Moments on the micro surface 
Flg. 6 This figure present the distribution pattern of the bending moments Mx， M世and
twisting moments Mx 1>， M 1>x on the micro surface element on the arterial wall. The 
moments are positive when it rotate in right. 
author HIRA Y AMA HIROHUMI 
1] The moment equilibrlum along the longitudinal direction. 
1. The Mx which operates on OA changes αMx /αx per unit length of the xaxis. Therefore on 
CB， the normal moments along the x axis is added by 
生 adx d世
This is the net effect of the Mx to the x axis direction. 
2. M持xwhich distributes evenly on OC changes at the rate of a M世x/α 世circumferentially
per unit central angle. Then on AB， the moment (a M '"x / a '"・ d手+M世x)・dx
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According to the same reasons as forces， under the condition of the cubic deformation of the ele 
ment， there should be some additional contribution from Mx世， M ~ througth the relative rotation 
angle between theeach side of the element. 
3. Mx should be multiplied by the relative rotation angle around the z axis between OA and CB α 
2V / a x2• dx. Then the contribution of Mx ~ to the longitudinal direction is 
Mx ~. a' d世;与dx
4. The participation of the M世whichoperates on the OC to the x axis is obtained by being multi-
plied the relative rotation angle around the z axis between the OC and AB 
(a 2V / a世αx-αw/ a x)事 d持
The net effect is given as 
(一川十 df(Jftz 十三千)'d~
These moments are balanced with the Qx (the transverse shear) on OA. Therefore we get the fol-
lowing equation 
Mx ~ a d ~パ与- M ~ d ~ dx (王子云-t)
αM世x
一五ー土 dx a d世+ -a百一dxd ~ = Qx a dx d世 ?? ??
n] The moment equilibrium along the circumferential direction. 
1. The M ~ which distributes evenly along the OC (= dx) alters at the ratio of a M ~ / a持per




that is the net effect. 












3. The contribution from Mx to the circumferential direction is established by multiplied the rela. 
-"n '" 2 2. tive rotation angle around the z axis between OA and CB a ~ v / a x~. dx. Consequently the con-
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tribution of the Mx 
_. 2 
(一 1)・Mx'a' d世云言dx
4. The contribution of M 1>x is also calculated by utilyzing the relative rotation angle around the z 
axis between OC and AB. The result is given as 
(一川川ど(寸ftzrM
These moments are equated to the transverse shearing force Q掛onOC. Then the following equa 
tion is formed 
αM世 αMx世 α2V
一一戸--;-dx d 併十一~dxad 件 Mx a dx d世王子
-Mx 1>dx d世(JLす)= -Q 1>a dx d 1> ??
M] The moment equilibrium along the normal direction. 
1. The component of the contribution from Mx for the normal direction is obtained by multiplying 
the relative rotation angle around the y axis between OA and CB (-1)・(a2w!αx2)・dx.
Then the contribution to the normal direction is 
(一川xγd1> ' (一 1);;hx
2. The contribution from Mx 1>is calculated by multiplying the relative rotation angle around the 
x axis between OA and CB 
11ぷ(αv!αx+α2W!α 世 αx'dx 
As a result， the effect is 
Mx 1>' a'dれ!a' (去+4L)・dx
3. The component through which M世contributesin the normal direction is obtained by multi-
plying the relative rotation angle around the x axis between OC and AB (d持+1 !ゲ (av!α 併
十 α2W!a 持2)d 1>) 
Consequently the contribution is given as 
ー /αv a2w¥ ーM 1>'dx' (1十二一一一一十一子ヲサ} 世
F ¥ a α1> ' a 併乙/ u r 
4. The participation of M 1>x is given by being multiplying the relative rotation angle around they 
axis between OC and AB 
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(一 1)事 (av/ax十日 2W/αx a持.d世
Then the contribution is 
(一 1川打dγ(ど+寸!L)14
These moments are known to be balanced by the difference of N併xand Nx世.Therefore the 
equilibrium equationis expressed as following 
い xd再生+Mx世ad併+cど+バヤ
十 M併dxd川 1+士 (ft+心;-))-Mx世d再
dx(ff+ヰ己)= (N x ~ -N ~ x) dx a d ~ (12) 
However in many text books the equatiun (12) is written as 
白/口 v a2w ¥ 2w 
Mx a dx d ~ (←よ十一二一) + Mx ~ a dx d手士云r¥a X a世 αxノ
Mx ~ dx d川 1+十 (fj+咋))-M世d川
(ど+寸乙)= (N ~ x -N x ~ ) a dx d ~ (13) 
To obtain such a result， the distribution and the direction of the each moment should be given in 
the configuration that are expressed in the Fig 5 -1 ofthe text book of Fllugge. The distribution 
of the moments are differentfrom our one. Fig 7. As a result the components of the contributions 
is different from what we have deduced 
1. The contribution of Mx which acts on the OA is obtained by the relative rotation angle around 
the x axis between OA and CB 
1 /.a' (a v /αx + a 2W /α xa~)'d 世
Therefore the contribution to the normal direction from Mx is 
Mx' a' d ~ • 1 /・(去十寸勺)'H 
2. The contribution of Mx世whichwork on the OA is given by multiplying the relative rotation 
angle around the y axis between the OA and CB 
(一 1)'α2W/ a x2• dx 
Therefore 
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Fig 7 Moments on the micr<? surf ace 
(by Flugge) 
Fig. 7 The distribution of the moments according to the text of Flugge. Note the difference of the line ele. 
ments on which the moments operate between our dynamical analysis. 
author HIRA Y AMA HIROHUMI 
_ 2_. 
(-1)・Mxs6 . a'd s6・(一 1)・言言・ dx
3. The .contribution of M世 whichacts on the OC to the normal direction is calculated by multi-
plying the relative rotation angle around the y axis between OC and AB (一 1)'(α2W /・α併 αx
+αv/αx)・ds6 . 
The result is 
M s6' dx' (一 1)・(寸云十三:)・d世
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4. The contribution of M ~ x which operates on OC is computed by multiplying the r巴lativerota 
tion angle around the x axis between OC and AB 
d ~ + 11ぷ(αv1α世+α2W1 a ~ 2)事 d世.
Then the contribution to the normal direction is expressed as 
M ~ x' dx' d ~ • (1 +士(ft+すり)
Summing these 4 terms result in the equation (13) 1 
But practically we don't use the equation (12) or (13) which is soon recognized. Since the definition of 
Nx. N ~. Nx世N~ x. Qx. Q世inthe textbook of Fllugge coincide with our definition. we use these 
equations. The difference of the direction of the moments between our one are not discussed furthザ
er more in this paper. 
Associating these mentioned theoretical expantion in this paper. we have reduced the relative rota-
tion angle between each line on the element equations 1 -6 and by utilyzing these angle we have 
established the static equilibrium equations of the forces (equation 7 8 9)and moments (明uation
10 11 12) by strict dynamicalanalysis. 
DISCUSSION 
In this research we have disclosed the relative rotation angles that the arterial wall beared the 
cubic deformation on the curved three dimensional surface. Then utilyzing these parameters. we 
have induced the static equilibrium equations of the forces and moments. In this discussion we 
firstly refer to the significance of utilyzing the shell theory. Then discuss about the validity of ap-
plying the linear theory. 
1. A同eryas a shell 
In this paper we analyzed the mechanical dynamic properties mathematically based on the 
geometric conception that regard the artery as a shell. Naturally speaking. al piecies of the con 
struction of the arterial wall is a three dimensional body. On the other hand with respect to the 
geometric feature of the arterial segments. one is tempted to recognize the arterial structure as a 
shell conformation. In the strict mathematical treatment. the shε11 is defined as the structure which 
is enclosed by two curved surface whose distance are shorter than the principal radius of curva-
ture. Ontologically the shell is interpreted as an object which is the substantiation of a curved sur-
face. the arterial wall目 Thischaracterization does not necessary mean that the thickness of the 
shell must be extremely small in comparison with other parameters. nor the components of the 
shell must be al elastic solid material. So the arterial wall system is one of the most suitable ob-
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ject for applying the shell theory. 
Except for the singular case of a plane plate in which the displacement of the strained middle 
surface is inextensional nor incompressive. generally after deformation. the shell structure has no 
developable surface already due to the extension or compression which had been spreaded around 
the section. 121 
In the membrane analysis theory it is sufficent to treate only the surface forces and in fact it 
can express the dynamical state in the shell appropriately. However as the thickness of the shell 
increases and the developability has disappeared. especially for the section where an abrupt 
change of the curvature would occure. the transverse forces or moments should operate. Therefore 
the membrane theory cannot describe the arterial wall dynamics sufficientlly. So the bending 
theory which imply not only the transverse forces but aIso the bending and twisting moments 
should be utilyzed. 
For the conventional way of analyzing the forces and moments that operate on the shell.it is 
enough that one should confine the attention only to the small element of the surface. Generally a 
curved shell structure can be expressed geometrically by its middle surface. its edge line and its 
thickness. Those are the necessary and sufficient parameters. As a result one can establish the 
coordinate system on that surface 
2. About the rotation angle 
In the thick walled shell to which the bending theory should be applied. there exist the exten 
sion or the compression in the middle surface. The generator. the circumferential tangent (profile) 
and the normal on the arbitrary point on the middle surface before the deformation coinsides with 
the x. y. z axies respectively. However when the deformation had developed. the configuration of 
the curved surface changes. So the different coordinates should be adopted. 
Therefore after the deformation developes. expect for the normal (parallel with the z axies). not 
the generator but the tangent of the generator should coinside with the lt axies. After establishing 
those x. z axies. then the y axies is fixed vertical to the x -z plane. 
So essentially the generator is curved in comparison with the predeformed generator. Accor. 
dingly the direction of the forces would have changed. Especially with respect to the relative con. 
figuration of the each line on the element. above mentioned changes in the axies produe the 
changes of the position and arrangements of the line of the element. As a result there develope 
rotative movements around each axies and the relative rotation angle between the each line on the 
element would manifest. 
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Since the displacements are aIl extremely smaIl in any direction， the higher order of the dif 
ferentials could be neglected. However in the case where the cross sectional forces are not smaIl in 
comparison with the bending forces， these higher order terms wiIl become significant. 121 
3. About the modeling of the arterial wall. 
The arterial waIl is composed of elastic fiber， coIlagen fiber and smooth muscle. These compo 
nents have different biophysical properties respectively and changes with the position of the 
artery and age. Therefore essentiaIly itis inhomogeneous and the dynamical properties change in 
direction. Furthermore as wiIl be mentioned later， the arterial waIl have viscosity and the de 
formation attains to over 10% (the finite large deformation). Associating such properties， the arte 
rial waIl is never linear and it is almost impossible to establish a model which includes those men. 
tioned conditions completely. However looking the arterial wall macroscopically as one member of 
the dynamic systemic circulation， the structure of the waIl can be treated as homogeneous and 
within the plane right angle to the tube axis， the directional property of the wall is isotropic. 
Further more， under the kinds of limitting conditions， the steady and the dynamic stress -strain 
relations can be regarded as liner. Then we can treat the wall as a linear viscoelastic material. 
To express the visco -elasticity of the material by physical model， we ordinary use the spring 
which describes the lumped elasticity abstractively and dash pot which expresses the lumped vis. 
cosity abstractively. Those elements represent the biophysical quality of the waIl but do not sig 
nify the entity which produces the elasticity or viscosity. The parallel combination of these compo 
nents is called the Voigt type model and series one is caIled the MaxweIl type model. In many stu. 
dies of the modeling of the arterial waIl， the Voigt type model has been used frequently. Howeve.r 
it does not express the dynamic properties of the arterial wall as followings 
1. the bounded stress relaxation 
2. the plateau of the elastic modulus 
3. the frequency dependent damping. 
Accordingly this model althought express the creep phenomenone except the initial elastic resp 
once， the stress responce to the step strain input is constant and does not change with time. 161 
The MaxweIl model also does not express th巴followingfeatures of the wall 
1. the bounded creep 
2. the constancy of Young's modulus for frequency higher than 3Hz. 
3. the non zero Young's modulus for lower frequency. 
4. the stress relaxation to the non zero constant value. 
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Then this model can describe the stress relaxation in response to the constant strain and con-
tinuos irreversible development of the strain in reacting to the step stress but does not express 
the plateau part of the strain. So the simple model of either type is not suitable to represent the 
wall mechanics. Maxwell. J， A (1968) 17] examined the applicability of these elements to the ex-
pression of the attenuation (damping) of the pulse wave incanine carotid artery at frequency range 
40Hz < f < 200Hz. To represent these attenuation， he concluded that the Voigt type model is 
favourable. However even utilyzing this model only the damping of the torsion wave in the wall 
could be expressed. Further more for the frequency range lower than 5Hz and in the small viscos-
ity of the wall， the damping of the wave could be represented more properly by the Maxwell mod 
el. According to his data， the Voigt type model is applicable only for the high frequency range 
over 40Hz. 
Westerhoff and Noodergraaf (1970) 18] following his previous model of the human systemic arte-
rial tree， created a new mathematical and physical model for the wall propreties目 Theirmodel con-
sisted of combination of two parallel Maxwell model with single spring and totally a five element 
Voigt model. Their model expressed the frequency dependency of the Youngs modulus. the stress 
relaxation phenomenone， creep phenomenone and hyster巴sisquantitatively. They concluded the 
model covered al the known aspects of the visco elastic wall properties. However to incorporate 
such complex arterial mechanical properties which originate from the viscous property of the arte 
rial wall did noLaffect the frequency -input impedance relation significantly in the total systemic 
circulation. 
Cox. R. H (1972) 16] utilyzed the phenomenological model to represent the frequency dependence 
of the mechanical properties of the arteries. He founded that a model consisting a spring in series 
with a Voigt model， the 3 element model properly exhibit the data obtained from the canine femor-
al artery for heart rate larger than 2Hz. The 3巴lementmodel showed both the creep and stress 
relaxation phenomenone. The initial transient elastic response which the Voigt model cannot de-
scribe， was followed by the exponential creep. The stress relaxed to the non zero value and did 
not disappeared as the Maxwell model. 
By such combination of these elements in complex form. we can make the degree of the approx 
imation increase arbitrary. However in the complex model. the biophysical signficance of each ele 
ments in the model becomes obscure and the effects of change of the elements on the overall be 
haviour of the system cannot be detected in clear form. In addition for the actual arterial system 
in the body， such an unrealistic input form as the step stress input or the delta strain input does 
not exist nor operate to the arterial wall. The input pattern of the stress or strain is far more com 
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plex. So it is not sufficient to examine the aptness of the response to only the step functional 
strain or the delta form stress of these models 
By the help of engineering analyzing technique， recently some complex model of large finite de宇
formative visco elastic model have been presented. However in our studies the most important pur 
pose is to establish a comprehensive easy treatable model when one wished to understand the cir-
culation system macroscopically. So we adopted only capacitance in this paper to represent the 
visco -elacticity of the wall. In the fol1owing papers we surely present the visco -elastic model 
that inc1due the wall viscosity. 
4. The linearity of the stress strain relation 
In this paper we have analyzed the relative rotation angles and equilibrium conditions that 
forces and moments satisfy. To analyze such situations， we confined our attention to the middle 
surface of the element and assumed the Hool王eslaw. That means the stress -strain relation is 
linear. However in the actual arterial wall， the stress -strain relation is complicated. Conven-
tionally the stress strain relation of the biological materials had been investigated by applying the 
step functional stress or strain and analyzing the resulting strain or stress in Vitro. Therefore the 
experimental conditions are far from natural 
Wiederheim (1965) 191 utilyzed the step strain for the canine arteriales (60um < D < 150um) 
and analyzed the circumferential stress -strain relation. Althought the relation was marked non 
linear for the circumferential strain rangeムr/ ro壬 0.23，below this range， the relation was 
linear. 
Attinger (1968) 1101 examined the difference of the stress strain relation in different direction. 
He used the canine femoral artery and kept it in situ length. Inputting the step strain in the longi-
tudinal direction and he measured resulting the stress in the longitudinal and circumferential 
direction. As a result in the both directions， the stress strain relations were nonlinear， yet the lat-
ter exhibited stronger nonlinearity. 
To conform to the in Vivo state， converting the developed stress into the pressure dimensions 
(mmHg)， the physiological pressure range 60 < BPmmHg < 175 corresponded to the developed 
stress for the range of 400g - 1200g. In this case the longitudinal strain was 0.3 <ムL/ L < 
0.6. Within such strain range， the stress -strain relation was nonlinear. The linear stress -
strain relation manifested only at the range of input stress over 1200g which corresponded to 
blood pressure over 17 5mmHg. Furthere more the nonlinearity in the circumferential direction 
was markedly influenced by the change of the tonus of the smooth musc1e. However the relation in 
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the longitudinal direction was almost linear for a wide range of the developed stress and was indeω 
pendent of the smooth muscle tonus. In the actual human arterial system， the longitudinal strain 
due to the pulsatile blood flow is small (0.1 <ムL/ L) because of the longitudinal tetehring of the 
surrounding. That is far from the experimental artificial strain. 
Dobrin， P. B. (1969) 1111 used the canine carotid artery for the same experimental subject. In-
putting the step wise circumferential strain and he has measured the consequential longitudinal 
and circumferential stress. Within the range of the circumferential strainムr/ r < 0.4， the cir-
cumferential stress -strain relation was almost linear. However for 0.4 <ム r/ r < 1.2 which 
corresponded to the transmural pressure about 50 -200mmHg in his experimental instrument， 
the circumferential relation showed marked nonlinearity. Contrary to Attingers results， the rela 
tion between the stress in the longitudinal direction and the strain in the circumferential direction 
was nonlinear under the same circumferential strain. Yet when the strainムr/ r was smaller than 
0.2， the relation was linear. 
Dobrin， P. B. (1973) 1121 measured the examined the contribution of the smooth muscle to the 
arterial stress -strain relation. Utilyzig the KCI， he killed the smooth muscle and subtracted these 
effects from the stress obtained under the condition of maximum constriction that had been in 
duced by Norepinephrine. Therefore the resultant stress -strain relation can be regarded as re 
flecting purely the effect of the smooth muscle. Under the isometric contraction of strain s D / D 
< 0.7 which corresponded to the blood pressure 50 < BPmmHg < 150， the circumferential stress 
strain relation was linear. 
Cox， R. H. (1975) 1131 analyzed the stress -strain relation by employing the strain energy de-
nsity function for the canine carotid artery目 Inany direction for circumferential stress -strain， 
longitudinal stress -circumferential strain， and radial stress -circumferential strain， these rela-
tions were al nonlinear. Nevertheless for the strain of s r / r <0.2， the relation could be treated 
as linear. He also (1976) 1141 studied the stress -strain relation of canine iliac or carotid artery 
that was attributed exclusively to the mechanical property of the smooth muscle. The active stress 
-strain relation was almost linear untill the strain wasムr/ r < 0.56. He suggested the collage-
nous fiber would have participated in the nonlinearity of the stress -strain relation 
As for the nonlinear analysis of the arterial wal!， many researchers used the strain energy de-
nsity function of variable type. Tanaka (1974) 1151 studied the nonlinear stress -strain relation of 
the canine arterial arch within the physiological range of input stress. He presented the mathema 
tical expression for the Tension (T) -strain (e) relation as T Ker. This formula of course sug← 
gest the nonlinearity. The e and r were small especially in the peripheral artery. In the case of the 
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femoral artery， r = 1.23 for the longitudinal direction and r = 1.59 for the circumferential direc 
tion. These values were small comparing with the data of the aortic arch (1.75 < r < 2.05). Asso. 
ciating these results， for the small range of e and r， one can regard the stress -strain relation is 
linear. Althought above mentioned nonlinear analysis were based on the least square method， the 
range which refered were beyond the physiological state. No one can apply the physiological sig. 
nificance to the least square method. Vaishnav (1972) [16]. Fung (1979) [17] also applied the non 
linear analysis. But their analyzing procedures were extremely complex and does not give a prac 
tical advantage. 
Admitting the nonlinear stress -strain relation， Patel， D. J (1967) [18] divided the stress 
strain relation into two components in the canine descending aorta in Vivo. He measured the ratio 
of the incremental stress -strain component to the average stress -strain component within the 
physiological range. U nder the static condition， the circumferential incremental stress was 19 
20 per cent of the average stress， and Ior the longitudinal direction the incremental stress was 18 
-25% of the average stress. In addition， the incremental circumferential strain is 5.3 -14% of 
the average strain and for the longitudinal direction， itwas 4.2 -7.9% of the average strain. Ab. 
out for the dynamic incremεntal stress -strain relation， the circumferential incremental stress 
was 11 -14.9% of the average stress， the longitudinal one was 3.7 -4.8% of the average stress 
About for the strain for the circumferential direction， the incremental strain was 1 -1.4% of the 
average strain， for the longitudinal incremental strain was 0.5 -0.57% of the average strain. He 
conc1uded that the incremental components of the stress or strain are much small in comparison 
with the average stress， strain in the either direction. He also said that the nonlinear component of 
the stress -strain relation is small compared with linear one 
Conjoining these experimental results， one may be permitted to regard the stress -strain rela. 
tion is linear in either direction within the physiological range of the pressure and strains. Thus 
the linear mechanical dynamics is applicable for analyzing the static equilibrium problems of the 
forces and moments. Althought the mathematical treatments were longsum， such process of analyz 
ing the minute and exact mechnical dynamical properties of the arterial wall is one of the core 
part of the modeling of the arterial system. In the following paper， we expand the forces -dis. 
placements relation for a paving stone of construction of the arterial wall movement equations 
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A Graph Stochastic Process 
Tadasi YAMAGUCHI 
Abstract 
The graph Ct + I is defined recursively from Ct by some stochastic rules. We cal this sequence Ic，I a graph 
stochastic process 
The rules are described in the following two cases 
(1) an edge is chosen at random， and then its destination is changed at random， (2) some edges are cut with a prob 
ability and some edges occur between some vertices pairs with the same probability. In both cases， the processes are 





















無向グラフ(以下，単にグラフという)を G= (V.E)で表わす。 Vは頂点集合， Eは辺集合で
ある。頂点 u.v聞の辺は (u.v)で表わす。頂点数 n，辺の数mのグラフ全体を G(n.m)で表わす。
グラフに関する用語・概念は文献3)に従う。
定義1.辺の付け換え F(u;v.w)とは， E一 (u.v)+ (u.w)但し， (u.v) e:E.(u.w) ， E。この操作を単
にFとも記す。グラフ Gの頂点 u九 w に操作 Fを施した結果のグラフを F(u;v.w)(G)又は単に
F(G)と記す。この操作(頂点は必ずしも同じではない)を k回適用した結果を F¥G)で表わす。
FO(G) = Gとする。
命題1.任意の G.He: G(n.m)に対して， H = Fk(G)なる整数 k孟 Oが存在する。即ち，ある kと
(Ui.Vi.W川 =1.2...k)が存在して， H = F(Uk;Vk.Wk)…F(U2;V2.W2)F(Ul;Vl.Wl)(G)である。
証明:グラフ G，Hの頂点に各々適当にラベルをふり，その隣接行列を MG，MHとする。 MGと
MHのハミング距離，即ち， MGとMHの異なる成分の個数を d(MG，MH)で表わす。 d= d(MG， 
MH) = 2k'とする。 k'= 0ならば， GとHは等しい。 k'主 1とする。 (u.v)e: EG¥EH， (w.z) e: EH 
¥EGなる辺が存在する。ここで， EG， EHはグラフ G，Hの辺集合である。 (l)u= wのとき;こ
のときは v宇 Zo F(u;v.z)(G)をG'とすると， d(MG'， MH) = 2(k'一 1)をf与る。 (2)u宇 wのとき;
v zなら，上と同様。 v宇 zとする。(イ)(u.w) e:EGの場合:(u，v)を(u.w)に換え， (w.u)を(w.z)
に換える。即ち， F(w;u.z)F(u;v，w)(G)をG'とすると d(MG'，MH) = 2(k' - 1)を得る。(ロ)(u.w) e: 
EGの場合:(w.u)を(w，z)に， (u.v)を(u.w)に換える。即ち， F(u;v，w)F(w;u，z)(G)をG'とすると
d(MG'， MH) = 2(k'一 1)を得る。いずれの場合も対称差の 2減少したグラフを得る。この手続き
を繰り返して Hと対称差がOのグラフを得る。口
定義 2. GO e:G (n，m)に対して， Gt+l = F(Gt)(t = 0，1.2..)で与えられる系列 IGtl をグラフ変化
過程という。
定義3. (グラフ変化過程にランダム性の導入)操作Fを次の様に解釈する:グラフ Gの 1つの
頂点 U をランダムに，即ち，等確率で選ぶ。次に，その頂点 U に付随オる辺 (u，v)を1つランダ
ムに選ぶ。更に，この U に隣接していない頂点wをやはりランダムに選ぴ辺 (u，w)を加える。即
ち， H = F(u;v，w)(G)とする。但し，上で， (u.v)または (u.w)が存在しなければ， H =Gとする。
命題 2.与えられたグラブGに対して，定義3で得られるグラフを Hとすると， Gから Hへの
推移確率は次式で与えられる:
~(n'r(u)fl 
但し， r(u) = d(u)・(n- 1 -d(u))(O < d(u) < n -1). = l(d(u) = 0又は n- 1)で与えられる。
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d(u)はU の次数である。和は， F(u;v，w)(G) = Hなる v，wE:Vの存在する uについてとる O
証明:任意の頂点 Uが選ばれる確率は l/nである。その U に対して， F(u;v，w)(G) = Hなる
v，w E: Vの存在するとき v，wの選ばれる確率は l/r(u)である O 従って， 1組の u，v，wの選ばれ
る確率は1I(n'r(u))となる。 U の次数が O又は n- 1のときは Gに変化はないので，
F(u)(G) = Gであることに注意して， F(u;v，w)(G) = Hとなる U について上で得た確率を加えれば
上式を得る。口
命題 3. 頂点数 n，辺数 mのグラフのクラス G(n，m)を番号づけし， Pijを，命題 2によって決ま
るグラフ Giからグラフ Gjへの推移確率とする O このとき，グラフ変化過程 !Gtl は[pijlを推移
行列とするマルコフ連鎖になる。
従って，マルコフ連鎖の知識をかりで種々のことが導きだせる O 例えば，命題 1と合わせて，
次の命題を得る O







率を求める O らから Gjへの推移は表 1
にあるように 2通りで，確率 PZlは
1/20 + 1/20 = 1/10である o GZから
Gzへの推移は 7通りで，確率 pzzは
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p = Pr (辺→補辺)= Pr (補辺→辺)， q = 





































• 2 1・• 2 







lつが辺に変化するという事象の確率は 4P3q3である。従って， Pr(G→ G') = 2pq5十 4p3q3と
なる O
同様に，一般の場合を考える。 n点ラベルなしグラフの全体を G(n)で表わす。
G.G' e:G(n)について， Pr(G→ G')の決定，およびその性質を調べる。
1) Gの頂点に 1- nの番号を付し同定する O
2) G'のラベルっきグラフを G'1.G'2.G'3......G'sとする O 以下，グラフ G.G'iの辺集合も同じ
G.G'iで表わすことにする。
3 )各G'iに対して，次のように置く ai = IG¥G'i 1. bi二 IG'i¥GI。
但し.A¥B= Ix:x e: Aかつ xf: BI 0 
このとき，次のことが成立する:
命題 5 Gから G'への推移確率は次式で与えられる:
Pr(G→ G') = :Eipai+biqe-(ai+hi) ; e = nCZ = n(n - 1)/2 
証明 Gから G'iへの変化を考える o ai = 1 G¥G'i 1悶の辺が補辺に変わり，この確率は pal，bi 
= IG'i¥GI個の補辺が辺に変わり，この確率は Pb，である。その他の (ε 一 (ai十bi)個の辺およ
び補辺は今までの状態のままで，この確率は， qr(al+bI)である。
従って， Pr(G→ G'i) = pai+biqe-(ai+bi). (* ) 
グラフ G'iについて加えて，上式を得る O 口
例題:3点グラフ G(3) (図 4)聞の推移確率を求める O 例えば. Gzから G3への推移は図 5の様





命題 6Pr(G→ G') = f(p.q)とおくとき，
Pr(G→ G') = f(q.p) 
Pr(G→ G') = f(q.p) 
但し.G はGの補グラフを表わす。
証明:第 1式について示す。 Gの頂点に 1-nの番号を付し固定する o G'のラベルっきグラフ
をG'1.G' Z.G' 3.田・目.G二とする O
Pr(G→ G')を求める o Gと各 G'i，G'iとの関係に着目すると，
















G I 6. 
ai，bωi，diで表わすと ，Gから G'への
確率は， G I q・ 3pqll 
。ー pql q8+2plq 
Pr(G→ G'i) pci + diqe-(ci十di) G 8 plq 2pqll+p. 



























証明 :n点ラベルっきグラフの全体集合上で考える Oその個数は 2eである。但し， ε=n(n一1)120
任意のラベルっきグラフ G'iを考える。変化する点対の集合 Tを1つ決めると，変化後のグラフ
G'jが定まり，逆にこの G'jとこの Tが与えられると， G'iがただ 1つ定まる。 p= Pr (辺→補辺)
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= Pr (補辺→辺)より， T内の点対が変化し，他の点対が変化しない確率は， T内の点対が辺
か補辺かによらないため，推移確率は qj= qj = Pγ¥t = IT I。即ち，推移確率行列Qは対
称、になる。このとき，平衡方程式 πQ=π ， ~ 1l"j = 1において， Qが対称より， Qの行和，列
和が 1 になる。従って， π2~e 一定(j = 1，2，.2e)が解になる。ラベルなしグラブ Gjの定常
確率引は，Gjに対応するラベルっきグラフ G'j(j= 1，2，.sj)の定常確率の総和であり Wj
s/2eとなる O 口
例えば，G(4)の場合， W = (1/64)11，6，3，12，412，4，12，3，6，1 となる。ここで，成分は図 7のグ
ラフの}I貢である。
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Quantum Flux Parametron : A Single Quan-
tum Flux Device for Josephson Supercompu-
ter 
Superconducting Magnetic Sensor (SQUID， 
QFP) and Their Applicatio日
Ion Source using Permeability of Hydrogen 
through Palladium 
Electron Beam Assisted Deposition of Sharp 
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Methane and Hydrogen 
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A Mossbauer Spectrometry Study of Nanoph-
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Crystal. 
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Chromite Ores under Unstirred Conditions 
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マイクロ波加熱j去による SiCの接合
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おける LaおよびNdの飽和溶解度
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Irradiation Effects of Grain Boundary Che-
mistry of Manganese -Stabilized Martensitic 
Steels. 
A. Kimura 
L A. Charlot 
D. S. Gelles 
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International Con 
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High -Field Magetization of Amorphous (Hf. 
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x Fe2 Alloys 
Magnetism of Ni -based Alloys : Weak Fer-
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Itinerant Electron Weak Ferromagnetism in 
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Distributions of magnetization in the two 
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Distributions of magnetization in the two -
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Applicability of Three - Parameter Power 
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W. F. Chen 
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